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The following integro-differential equation is derived in [1]: 

u' (~) = ~ (~)v (u (U + ~ (~))v ( -  T (ul D + ~ (U) + ~ (~), 

01] 1 - - 1 , t  ] ( A )  

in which a (~), [5 (~), y (g), 8 (g), U (u-t- a), V (--T + [5) are given 
functions of their own arguments, X is a given parameter, and 
T (u I g) is a singular integral of the form 

1 
=~(~)~ u(t) dt 

T(uIE) # d t - -~  co(t) ' ~ o n [ - - l ,  i l .  (0.1) 
-1 

Here a;(~) is a given function. The notation T(u]g) serves to ern- 
phasize that the given integral is not only a function of the point g, 
but is also an operator in u(g). A large class of problems for plane 
steady jet flows of an ideal incompressible fluid reduce to equation 
(A). In this article, we discuss several methods for solving equa- 
tion (A). The proposed methods are applied to jet flows with a 
curvilinear wall and to jet flows of a heavy fluid with rectilinear 
boundaries. The notation T(u) and T(u, w[g) are utilized for 
the operator T (u] ~) when it is necessary to emphasize its inde- 
pendence of u(g) or to note dependence on ~(g). Analogous 
notation is also used for other operators encountered in the article. 
In cases when ca (g) ~ t and ~ (~) = u  - - - - ~ ,  T (u I ~) is denoted 
by 

J(ul  ~) = _~_ i u(t) dr, 
- 1  

1 
K t  ~,.~ u(t) dt 

/ (u l~ , ) - -  ~ ,~ t_~.  1/.i-~-7~ ~ o n [ - - 1 , 1 ] .  (0.2) 
- 1  

A part of the results of this article were reported at the Second 
Congress on Theoretical and Applied Mechanics [2J. 

w S m a l l  p a r a m e t e r  m e t h o d s .  The  l i n e a r i z a t i o n  
me thod .  1 . 1 .  R e d u c t i o n  o f  Eq .  (A) to  a func t iona l  e q u a -  
t ion  in B a n a c h  s p a c e .  We i n t r o d u c e  the o p e r a t o r  (~, ~0 

on [ - 1 ,  11) 

( u ) = S ( u l U - -  ~ I  ~'(t) c r i u ( t ) + ~ ( t ) ) •  S 
~0 

x V(_T(ul t )+~( t ) )d t+I6( t )d t  " (1.1)  

If the  d e s i r e d  so lu t ion  of  Eq.  (A) s a t i s f i e s  the  c o n -  
d i t ion  

u (~0) = 0, ~0 on [-- i. I I ,  (1.2)  

then  Eq.  (A) can  be w r i t t e n  in the  f o r m  

= s (u) = s (u l g). (1.3)  

tlenceforth, it will always be assumed that condition (1.2) is 
satisfied. When the operator S(u) is defined on some aanach space, 
equation (1..~) will be a functional equation in this space. In 
functional analysis, various methods of successive approximations 
have been developed for solving such equations; thus it is natural 
to apply these methods to equation (A) written in form (1.3). Since 
the application of these methods depends on the space in which the 
operator S(u) is written, it is necessary first of all to consider the 
problem of the class of the desired functions. 
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1 . 2 .  The  c l a s s  of  d e s i r e d  func t i ons .  S o m e  bounds .  
Le t  p(~) be  a p o s i t i v e  con t inuous  func t ion  g iven  on the  
s e g m e n t  [ - 1 ,  1] s u c h  tha t  t he  func t ion  1 /p(~)  i s  i n t e -  
g r a b l e  on the  s e g m e n t  [ - 1 ,  1]. We sha l l  u se  Cp to d e -  
note  the  c l a s s  of  func t ions  de f ined  on s e g m e n t  [ - 1 ,  1] 
and which  s a t i s f y  the  cond i t i on  tha t  the  p r o d u c t  of  any 
func t ion  of  th i s  c l a s s  u(~) and p(~ ) i s  con t i nuous  on the  
g iven  s e g m e n t .  It is  obv ious  tha t  i f  we i n t r o d u c e  the  
no r m  

l u 6  ~ max I p (~)u (~)l ( i < ~ <  i).  

t he  c l a s s  Cp wil l  be  a B a n a c h  s p a c e .  We sha l l  u s e  C i 
to  deno te  the  c l a s s  of  func t ions  de f ined  on the  s e g m e n t  
[ - 1 ,  1] and s a t i s f y i n g  the  cond i t i ons :  (1) any func t ion  
of  t h i s  c l a s s  u(~) s a t i s f i e s  c o n d i t i o n  (1 .2) ;  ( 2 ) t h e  

p r o d u c t  of  u ' (~)  and p(~) is  con t inuous  on the s e g m e n t  
[ - 1 ,  1]. I t  i s  not  d i f f i cu l t  to show tha t  the  c l a s s  C~ 
wi l l  be  a B a n a c h  s p a c e  i f  we i n t r o d u c e  the  n o r m  

[] uI~ = max ] p (~)u'(~)l  (t <~ ~ < 1). 

When p(~)--- 1, then  the  c l a s s  Cp c o i n c i d e s  wi th  the  
known c l a s s  C of  con t inuous  func t ions ,  and the  c l a s s  
C~ w i l l  be  a c l o s e d  se t  of  the  known c l a s s  C 1 of  c o n -  
t i n u o u s l y  d i f f e r e n t i a b l e  func t ions ;  in th is  s p e c i a l  c a s e ,  
the  fo l lowing  no ta t ion  wi l l  be  used  fo r  the  n o r m s  lulp 

and Ilullo: 

[ ul l  = max ] u (~)1, Ilull~ = max ]u' (~)1, (t < '~  < t).  

The  i n t r o d u c t i o n  of  the  s p a c e s  C o and Clo m a k e s  
i t  p o s s i b l e  to ob ta in  s o m e  bounds  which  p e r m i t  j u s t i -  
f i c a t i on  of  the  m e t h o d s  p r e s e n t e d  be low.  We sha l l  i m -  
p o s e  the  fo l l owing  cond i t ion  on p(~) and the  func t ion  
o~(~) inc luded  in T(uI~):  

T (u ] r  = i H(~ t)u'(t)dt. 
--1 

H e r e  HH(wK, t) is  a F r e d h o l m - t y p e  k e r n e l  such  tha t  

the  func t ion  HH(w[~, t)/(t)  i s  a b s o l u t e l y  i n t e g r a b l e  wi th  
r e s p e c t  to t ;  h o w e v e r ,  the  i n t e g r a l  of the  modu lus  of  
t h i s  func t ion  i s  con t inuous  fo r  ~. T h e n ,  we i n t r o d u c e  
the  q u a n t i t i e s  

i H(c~l~'t)Idt ( - - i < ~ < l )  b = b (p, r = max ] p (t) 
--I  

Le t  u(~) E C~ and the  c o n d i t i o n s  i m p o s e d  p r e v i o u s -  
ly on p(~) and :o(~ ) be s a t i s f i e d ;  then  i t  is not  d i f f i cu l t  
to show that  the  fo l lowing  i n e q u a l i t i e s  hold:  
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I ul ,  ~ a (p)ll**[l~, I T (~)I, ~ b (p, ~o)[l**ll~. (1 .5 )  

If  we  c o n s i d e r  t he  i n t e g r a l s  of  t h e  p r o d u c t s  p(~)u(~)  

and  p({ )T(ul~ ), w h e r e  p(~) ~ CO, t h e n ,  m a k i n g  u s e  of  
i n e q u a l i t y  (1 .5 ) ,  i t  i s  e a s y  to o b t a i n  t h e  b o u n d s  

tlf (o. l ,  I,  llo. ( i .6 )  

M ('~) =2-~-I~'- [aU~ (a~'~)JTo (bzv) @ bUo (a~'v) V, (bz~:)], ( 1 . 8 )  

(~) = ~'  ~ [aWo (a:' ~) Vo (b~' ,) + N 

+ 2abU~ (a~"r) V~ (bz"r 

+ b'~Uo (a:'~) V~ (bz'~)], ( 1 .9 )  

w h e r e  a,  b a r e  c o n s t a n t s  of  ( 1 . 4 )  and  a v ,  ~?', (5, G' 

a r e  p a r a m e t e r s  c h o s e n  so  t h a t  t he  f o l l o w i n g  c o n d i t i o n  
i s  s a t i s f i e d :  

M (0) = m/' (0) = N (0) = N '  (0) = t (1.10) 

It is obvious that the quantity a(p) for a given class Cp can 
always be computed with a given accuracy. We cite the values 
of of a(0) for different classes C~ 

p ft.) ~ t ,  p (r.) = I R K - -  ~.~, p if.) = " V i  :1: r., 

(p) = 2, : , ,  2 K ~  

For these same elasses, we cite expressions for quantities b(p, w): 

w i l l  b e  c a l l e d  h e n c e f o r t h  m a j o r a n t s  of  Eq .  (A). In 
t h i s  c a s e ,  i t  w i l l  be  a s s u m e d  b y  d e f i n i t i o n  t h a t  t h e  

d e r i v a t i v e  M'(~-) w i l l  b e  a p o s i t i v e  and  m o n o t o n i c a l l y  

n o n d e c r e a s i n g  f u n c t i o n .  

T h e  r e l a t i o n s h i p  ( 1 . 1 0 )  i n c l u d e s  f o u r  e q u a t i o n s  

w h i c h  a r e  r e a d i l y  s o l v e d  f o r  t h e  p a r a m e t e r s  ~?, V', 

~, cr,. We s h a l l  m a k e  u s e  of  t h e m  to  f o r m  two m o r e  
p a r a m e t e r s  ~4 and  ~ '  d e f i n e d  b y  t h e  e q u a l i t i e s  

2 
b(p, r ~ ( 1 + 2 1 n 2 )  when p ( ~ ) = t  

b(p, o i )=4G/~,  31n2 when p (~)=  ] / ' 1 - - ~  

b (p, ~o) = -g- ] ~ 2 ~  ] ), (2 + In 2) when p (~) = ] / l  :j: 

When computing b(p, w) in the case ~(g) --- 1, it was assumed 
that u(e) satisfies the additional condition u(1) = u(-1) = 0. 

Here G is the Catalan constant, G = 0.915965594 . . . .  H is the 
root of the equation t - Arth(]/t)  = 0, H = 1.199678402... It 
should be noted that the quantity b(p, a~) was computed to four 
decimal places by Ya. I. Seker2h-Zen'kovich in the case p(g) = 
= a~ (~) = V-I--- ~ [3]. It should also be noted that if the quan- 
tity a (p) is introduced as the maximum of the integral included in 
(1.4) for a given value of go, this quantity can be decreased. As 
for the coefficients of equation (A), it will be assumed henceforth 
that T(~) and 5(g) belong to the class Cp, and a(g) and B(g) are 
continuous functions. The solution of equation (A) will be sought 

i in which the function p(g) is the same as in class Cp. in class C o 

1 . 3 .  B a s i c  p a r a m e t e r s .  M a j o r a n t s .  We  s h a l l  i n t r o -  

d u c e  s o m e  c o n s t a n t  p a r a m e t e r s  c h a r a c t e r i z i n g  Eq .  (A). 

F i r s t  of  a l l ,  we  h a v e  t he  p a r a m e t e r  X; i t  w i l l  b e  a s -  
s u m e d  a l w a y s  t h a t  X > 0 ( the  l a t t e r  i s  no  r e s t r i c t i o n  

w h a t e v e r  on  X, s i n c e  X c a n  a l w a y s  b e  m a d e  a p o s i t i v e  

q u a n t i t y  t h r o u g h  s e l e c t i o n  o f  t he  f u n c t i o n  7(X)). In o r d e r  

to  i n t r o d u c e  t h e  r e m a i n i n g  p a r a m e t e r s ,  we s h a l l  g ive  

t h e  c o n c e p t  of  t h e  m a j o r a n t  of  Eq .  (A). 
Le t  t h e  f u n c t i o n s  U(u + a (fg) and  V(u + fi(~)) b e  d e -  

f ined  on  t h e  s e g m e n t  - : t '  -< u <- t '  f o r  a n y  ~ on  [ - 1 ,  1] 

and  t w i c e  d i f f e r e n t i a b l e  on  t h i s  s e g m e n t .  F u r t h e r ,  l e t  
t h e  p o s i t i v e  m o n o t o n i c a l l y  n o n d e e r e a s i n g  d i f f e r e n t i a b l e  

f u n c t i o n s  Uv( t ) ,  V~( t )  (v = 0, 1, 2), g i v e n  o n  t h e  s e g -  

m e n t  0 -< t < r162 m a j o r i z e  t h e  f u n c t i o n s  U(u + a ( } ) )  and  
V(u + f-'(~)) and  t h e i r  d e r i v a t i v e s  on  t he  s e g m e n t  0 --< 

-< t -< t '  i n  t h e  f o l l o w i n g  m a n n e r :  

[ u  ~ (.  + a  (~ ) ) [~  u~ ( l u l l  

IP  ( - u  + ~, (~ ) ) t<v~ ( lu l ) ,  
( ~ = 0 , t 2 ;  O ~ l u l - % t ' )  . ( 1 . 7 )  

T h e n  we  h a v e  f o r  t h e  v a r i a b l e  T on  [0, ~ )  

~ I x u  (~) v {13) + 5 I~ • _ ! L u  (:,) I~ (~3) -I 6 I~ 

I t  i s  e a s y  to  s e e  t h a t  o n l y  f ive  of  the  i n t r o d u c e d  p a -  
r a m e t e r s  a r e  i n d e p e n d e n t  and  t h e s e  c a n  be  t a k e n  a s  

t h e  b a s i c  p a r a m e t e r s .  H e n c e f o r t h ,  we s h a l l  t a k e  X, 

~7, %, ~?', ~ '  a s  t h e  b a s i c  p a r a m e t e r s .  We no t e  t h a t  
the parameters >t and ~' will not depend on k if 

6(~)~  0 o r  6(4) = X6*(~). 
1 . 4 .  T h e  d e r i v a t i v e s  of  Siu).  L e t  us  c o n s i d e r  t he  

p r o b l e m  of  t h e  e x i s t e n c e  of  t he  F r e e h e t  d e r i v a t i v e s  

of  t h e  o p e r a t o r  S(u) and  an  e s t i m a t e  of t h e i r  n o r m s  in  

C~ s p a c e .  
Theorem I. Let the given functions included in 

Eq. (A) satisfy the following conditions: (I) the func- 
tions T(~) and 6(~) belong to class Cp; (2) functions 
U (u + a (~)), V (u + ~ (~)) are defined and continuous 

on the segment 

- - t ' ~ u ~  t', t' = mr, m = max (a ,b )  ( 1 . 1 2 )  

f o r  a n y  ~ on  [ - 1 ,  1]. T h e n  t h e  o p e r a t o r  S(u) w i l l  b r i n g  

t h e  s p h e r e  ~ r :  0 __ Ilu!ip -< r of  s p a c e  C/% in to  C/l 9. I f  

in  t h i s  c a s e ,  t h e  f u n c t i o n s  U (u + ~ (~)), V (u + [~ (~)) 
a r e  c o n t i n u o u s l y  d i f f e r e n t i a b l e  in  r e s p e c t  to u on  t he  

s e g m e n t  [ - 1 ,  1] f o r  a n y  ~ on  [ - 1 ,  1], t h e n  t h e  o p e r a -  

t o r  S(u) h a s  a t  e v e r y  p o i n t  9 r a F r e c h e t  d e r i v a t i v e  

d e f i n e d  b y  t h e  e q u a l i t y  
% 

~' ("1 ~) u* = ~. i 7 (t) [U' (u (t) + 

+a( t ) )V(__T(u l t )A_~( t ) )u , ( t )__  ( 1 . 1 3 )  

- -U(u(t)+ a(t))V'(--T(u]t) + ~(t))T(u*lt)]dt . 

In t h i s  c a s e ,  t h e  f o l l o w i n g  bound  h o l d s  f o r  t he  n o r m  

IIS'(u)llp of  t he  l i n e a r  o p e r a t o r  S ' (u )u* :  

[]s'(~)il.~<~,lM(]lullo/~), u ( ~ ) ~  ~, ,  ( ] . x 4 )  

w h e r e  M(T) i s  t h e  m a j o r a n t  o f  Eq .  (A) and  cr i s  a p a -  

r a m e t e r  d e t e r m i n e d  f r o m  E q s .  ( 1 . 10 ) .  If, h o w e v e r ,  
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t h e  f u n c t i o n s  U (u + a ([)), V (u + 13 (g)) a r e  t w i c e  c o n -  
t f h u o u s l y  d i f f e r e n t i a b l e  w i t h  r e s p e c t  to  u on  t h e  s e g m e n t  
[ - t L  t q  f o r  a n y  ~ on  [ - 1 ,  ! ] ,  t h e  o p e r a t o r  S(u) h a s  a 

s e c o n d  F r e c h e t  d e r i v a t i v e  in i2r:  

,f" (u l ~_) u*u . . . .  X ~ "r (t) tU" (u (t) + ct(t)) V ( ~  T (u l t) -V- ~ 

+ ~ (t)) u* (t) . * *  ( t ) - -  U' (u (t) + :~ (t)) V '  ( - -  T (u It) + 

-A- [3 (t))  (u*  (t) T ( u * *  It)  + u * *  (t) T (u* i t ) )  + U (u (t) + 

+ze( t ) )~  " ( - -  T ( u l t )  + ~(t)) T ( u * l t ) T  (,,** l t ) l d t  , ( 1 . 1 5 )  

and  t h e  f o l l o w i n g  b o u n d  h o l d s  f o r  t h e  n o r m  IIS"(u)ll o o f  
t h e  b i l i n e a r  o p e r a t o r  S t ( u )u*u** :  

w h e r e  N(z)  is  t h e  m a j o r a n t  o f  E q .  (A) a n d  q '  i s  a p a -  

r a m e t e r  d e t e r m i n e d  f r o m  E q s .  ( 1 . 1 0 ) .  

proof. We shall establish, first of all, that the Operator S(u) 
operates from f~r into C~, This means that if we regard the operator 
S(u) = S(ul~ ) as a function of ~, then S (ul ~ )~  CoL if u ([) ~ f~r' 
\qe comider the product 

+ a (g))V (--T (u[ g) + 15 (~)) § 6 (g)]. 

The functions p ([)y ([) and p ([)6 ([) included ha this product 
are continuous, since y (~) and 6 (~) belong to class C O by condi- 
tion, The functions I; (. (.~) -1- c~ 1~)) and V (-- r(,,I U + 15 (~)) are 
also continuous if n (.~)~-~]r, for, on the one hand, the functions 
6 (u -~ a (.~)) a~d I ( .  + /g (~)) are by condition continuous ou the 
segment eO ~ I u I :=s mr for any ~ on [ -1 ,  1] and, on the Other 
hand, on the strength of inequalities (1.5), the functions u(~) and 
T(ul ~) are continuous on the segment [ -1 ,  1] and 0 -~ [ u h, 
[T(u) h ~ rm, if u ( ~ ) ~ r .  Thus, the product p(~) S'a(u [~) 
is a continuous function on the segment [-1,  1] and this means 
that S (u l ~) ~ 5'eL 

To verify tt~e existence of  the first and second Freehet deriva- 
tives of the operator S(u) for which formulas (1. la) and (l �9 15) are 
valid, it is sufficient to show that when the conditions imposed on 
the functions U (.  + (x ([))andV (u + 15 ([))are satisfied, the fol- 
lowing limiting equalities hold [~] : 

[J 5 (u; h)l[o //A (u; h, h*) I[~ 
lira --0; lira = O, (1.1"1) 

where u (~), h ([), h* (g) are arbitrary functions belonging to fir, 
the operators 

A (u; h) = S (u-"  h) - - 8 ( u ) - - S ' ( u ) h ,  

A (u; h, It*) = S' (~z+ h * ) h - - S '  (u)h--X"(u)hh*. 

\re shall prove the first of the limiting equalities i t .  17). Let us 
consider a function of two variable~ [ ix, y) = U (z + (x (~))V (y + 
-i- 13 ([)), continuously differentiable in the square - t '  -< x, y -< t ' .  
The following formula holds for this function: 

f i x +  Ax, ~ +  A V ) - - I ( z , U ) =  / ' ( z - [ - 0 A z ,  ~ - !  0A,h A s +  

+ lv ' (z  + Oaz, v + OA~)A~, 

( 0 < 0 <  1, -- t '  < z, x +  As, ! / ,U+ a U <  t'). 

Let u (~)~ f~r and h (~)~ ~?r; at the same time, u (~) + h ( ~ ) ~ r "  
Then, on the strength of the inequalities (1.5), 0 ~ I u h, i u + h 'a, 
IT(u)!t,  ! T ( ' , ) +  T(h) l ~  mr.=t ' ,  Now, taking account of the 
last ineq~aliry, if ~e use the finite increment~ .r = u (~), Ax := h ([). 
y = T  (u] ~), Ay = T  (hi ~) in the formula, then transform the 

operator A(ul h) with the aid of the expression obtained here, the 
operator can be represented in the form 

A(u,h) = X t "r (t) {[1~' (u (t) + Oh (t), - -  T (u I t) - -  0T (h ] t)) - -  

- -  IJ  (u ( t ) , - - r  (u I t)) h i t ) - -  [I~/(u it) + Oh (t), - -  T (u I t) _ 

- -  OT (h t tB - - / v"  (u (t), - -  7" (u I t))] T (,~ I t)} dt . 

The following inequality can be readily obtained with the aid 
of the bounds (1.6): 

11A (u; h)[Is /I1 h lip ~ X l V I;[a I ix' (u + Oh, --T (u) --  0T (h)) - -  

- - I x '  {u, - -  T {u))[x § b i l u '  ('' + Oh, - -  T (u) - -  OT ( h ) ) - -  

- -  lu' (u, - -  T (~)) f l | .  

Since the functions ix'  (x, y) and ]y' (x, y) are continuous in 
the square - t '  ~ x, y -~ t ' ,  the right-hand side of the obtained in- 
equality tends to zero as Ilhllp--, 0. The second limiting equality 
of(1,17) is proved in a like manner, 

We now differentiate equality {1.13) with respect to {, 1hen 
multiply by p(~). We estimate the right-hand sides of the equality 
by the absolute value, introducing the majorizing functions U, it), 
V v it), (v = 0, i) and making use of inequalities (1.5). As a 
result, we have 

IIS' (ul bu* lip < Z l v [. [aUx ( .  Ii u IFy0 0 il u II p) + 
+ ~ tr o (a I1 u II~)gx (b II u lip] JJ ~* I1~, u (~) ~ t~  

It is easy to see from the obtained inequality that the bound 
(1.14) holds for the norm of the operator S' (u) u*. Proceeding in 
a like manner with the equality (1.25), we readily verify the 
validity of the bound (1.1~) for the norm of the operator S"(u)u*u**. 

1 . 5 .  T h e  l i n e a r i z e d  e q u a t i o n .  L e t  P (u )  = 0 b e  a n o n -  

l i n e a r  e q u a t i o n  g i v e n  in  B a n a e h  s p a c e .  T h e n  t h e  l i n e a r  

e q u a t i o n  lm(%}(% - u) = P(u0),  w h e r e  PT(u o) i s  a F r e -  

c h e f  d e r i v a t i v e  a t  t h e  p o i n t  u 0 i s  s a i d  to  b e  l i n e a r i z e d  

a t  p o i n t  u 0 o r  s i m p l y  l i n e a r i z e d .  We  w r i t e  Eq .  ( 1 . 3 )  

in  t h e  f o r m  

P ( u )  = 0, p (u) = P (ul b -= u (~) - - s  (ul O . (a .xs )  

T h e  e q u a t i o n  l i n e a r i z e d  a t  p o i n t  u 0 ( ~ ) ~  0 c o r r e -  

s p o n d i n g  to  e q u a t i o n  ( 1 . 1 8 )  and ,  c o n s e q u e n t l y ,  to  E q .  

( 1 . 3 )  w i l l  b e  

P '  (01 ~)u --= u ( ~ ) - - S '  (0] ~)u = F (~), 

F (}) = S (0 t ~) , ( i .  19) 

w h e r e  S '(01~) i s  a F r e e h e t  d e r i v a t i v e  d e t e r m i n e d  by  

f o r m u l a  ( 1 . 1 3 ) .  I f  E q .  ( 1 . 1 9 )  i s  s o l v a b l e  w i t h  a n y  

r i g h t  s i d e  F (} )  and  i t s  s o l u t i o n  c a n  b e  r e p r e s e n t e d  in 

t h e  f o r m  

(~) = r (F) --- v (~ ' /~) ,  ( 1 . 2 0 )  

w h e r e  F ( F I ~ )  i s  a l i n e a r  o p e r a t o r ,  t h e n  t h e  n o r m  o f  

t h i s  o p e r a t o r  [IF(F)[lp w i l l  a l w a y s  b e  d e n o t e d  by  ~0 

h e n c e f o r t h .  I t  i s  k n o w n  t h a t  t h e  q u a n t i t y  r/0 s h o u l d  s a t -  

i s f y  t h e  i n e q u a l i t y  

l1 r iF)Up < q0ItFIt0. 0 . 2 1 )  

1 . 6 .  M a j o r a n t  e q u a t i o n s .  T h e  m a j o r a n t s  M ( r ) a n d  

NiT) d e t e r m i n e d  b y  e q u a l i t i e s  ( 1 . 8 )  a n d  ( 1 . 9 )  w i l l  b e  

a c t u a l  g i v e n  f u n c t i o n s  i f  t h e  m a j o t i z i n g  f u n c t i o n s  U(t)  

a n d  V( t )  a r e  c o n s t r u c t e d  f o r  E q .  (A).  

W e  s h a l l  c o n s i d e r ,  a l o n g  w i t h  E q .  (A), s e v e r a l  
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t r a n s c e n d e n t a l  e q u a t i o n s  w h i c h  c o n t a i n  t h e  m a j o r a n t s  

MOO a n d  N(~-). T h r e e  o f  t h e m  c o n t a i n  t h e  m a j o r a n t  

re(r), 

�9 = •  (0<~T< r162 ( 1 . 2 2 )  

~ : M ( ' ~ ) - - i M ( T ) d ~ - - •  (o -..<T < oo), ( 1 . 2 3 )  
o 

(i ; -c = (p (V), qD (T) - -  ~ M ( ~ : ) d ~ : - ~ •  ~ ( 0 < T < o r  ~ = Z n 1 , ( 1 . 2 4 )  
0 

and the two o t h e r s ,  the m a j o r a n t  N(r) ,  

~d (~) - -  N ( ~ ) d ~ d ~ - - •  ( 0 N ~ < o o )  ( 1 . 2 5 )  
0 o o 

�9 , ( r ) - - - r + ,  (i 
0 0 

(0 % T<:r v' = ~ ' ~ 0 )  ( 1 . 2 6 )  

We shall dwell on the problem of the existence of roots of 
these equations, Since 1 /M'( r )  is a positive monotonically non- 
increasing function, it is obvious that equation (1.22) has a single 
root. It is not difficult to show that equations (1.23) and (1.25) 
also have a single root. Indeed, if the left-hand side of equation 
(1.23) is denoted by f ( r ) ,  then it is easy to see that f ' ( 7 )=  rM'(r)  > 0, 
when r > 0; at the same time f(0) = -x2 < 0, which implies that there 
exists one and only one point at which the function f(r)  vanishes. In 
precisely the same way, if the right-hand side of equation (1.25) is 
denoted by f* (r ) ,  it is easy to verify that f ,(r)  = rN(r) > 0 when 
r > 0; at the same t ime,  [ .  (0) = - -  • < 0, which implies the 
existence of a single zero of the function f*( r ) .  Depending on the 
values of e and v' ,  equations (1.24) and (1.26) can have two roots, 
or also have no roots at all. The following 1emma holds for the 
least root of equation (1.24). 

Lemma 1. If ~ ~ Vo = %v/(p (To) = I / M (To), where r0 is the 
root of equation (1.23) and r is a function contained in the 
right-hand side of equation (1.24), equation (1.24) has on the 
segment [0, r 0 ] the single root r to which the following sequence 
converges: 

"~o' = o, ~ + ~  = ~ ( T j )  (,~ = 0, ~ . . . .  ), (1.27) 

the rate of convergence of this sequence being characterized by the 
inequality 

"~ , - -Tn '  ~ h n o  %, " h o = ~ , / ' q M ( T o )  ( n = 0 , 1  . . . .  ). (1.28) 

Proof, We write equation (1. '24) in the form u = f (r) ,  f (r )  -~ 
r u / r  (r) .  On differentiating, we find that 

0 

Let r 0 be the root of equation (1.23). If we analyze the ex- 
pression for the derivative f ' ( r ) ,  it is easy to verify that the function 
f(r)  > 0 when r > 0 has a single maximum v0 = f(r0) ,  thus, if 
v -< v0, then the straight line f = u intersects on the segment[0, r0] 
the graph of the function f = f(7) at only one poi~t (%, I (%)), 
% ~< ~o (when r" = r o, the straight line 5 ~ = v is tangent to the 
curve f = f ( r ) ) .  Consequently, the equation v = f(r)  has the 
single root C = r0 on the segment [0, r0]. Now, we write equation 
(1.24) in the form r = r  Since (p' (T) = v M  (v) > 0, then, 
following the method of L. V. Kantorovich and G. P. Alikov ([6], 
Ch. XVIII, w it is easy to show that the sequence (1.27) con- 
verges to r* ; at the same time, rn" < r*. Considering the dif- 
ference T, - -  T = q0 (%) --(p (T) and making use of the mean value 
theorem, we have 

T, - T n' = ~ ' (~ ' ) (T ,  - T'~_~), T,  < T' < T~_~ 

or T, - -  T n" = v M  (T') (T, - -  T'n_~). 

From this, T, - -  T n' ~ ho (% - -  T'n_l), since M(r) is an increasing 
function and vM (T0) = h o. Applying the last bound to r': - rn_ 1, 
and continuing in this way, we ultimately obtain the bound for 
(1.28). The lemma is proved. 

The following lemma holds for the least root of equatlon(1.26). 
Lemma 2. If 

~d 

v ~ vo' - -  ~ (To '~) + To' = N (~) d~r 
t 

o 

where r0' is a root of equation (1.25) and r is a function con- 
tained in the right-hand side of equation (1.26), then equation 
(1.26) has on the segment [0, r0' ] the single root r', to which the 
following sequence converges: 

T . = 0 ,  T~+I = % + ~ ; ( ~ )  ( n = 0 ,  i . . . .  ). (1 .29)  

The rate of convergence of the last equation is characterized by 
the inequality 

%'  - -  T~ ~ (h0'F T,', 

(i ; '  h0' = %~10~l' N(T)d'~ (n = 0 ,  t , . . . ) .  (1.30) 
0 

It is easy to reduce the proof of this lemma to the proof of 
Lemma 1 i f  we introduce the functions 

M* (T) = _~ N ('~) d% (p* (T) = ~p (T) @ "r  
0 

by means of which equations (1.16) can be written in the form 

1 . 7 .  T h e  i t e r a t i o n  m e t h o d .  T h e  i t e r a t i o n  m e t h o d  

i s  o n e  o f  t h e  m o s t  i m p o r t a n t  m e t h o d s  f o r  s o l v i n g  f u n c -  

t i o n a l  e q u a t i o n s .  A s  a p p l i e d  to  e q u a t i o n  (A), t h i s  m e t h -  

od  c o n s i s t s  i n  c o n s t r u c t i n g  t h e  s o l u t i o n  o f  E q .  (A) 

w i t h  t h e  a i d  o f  t h e  s e q u e n c e  

u0 (~) =--- 0, un+l (~) = S (u~ I~) (n=0,1 . . . .  ). ( 1 . 3 1 )  

W e  c a n  p o i n t  o u t  t w o  m e t h o d s  f o r  i n v e s t i g a t i n g  t h e  

c o n v e r g e n c e  o f  t h e  s e q u e n c e  ( 1 . 3 1 )  to  t h e  s o l u t i o n  o f  

E q .  (A) a n d  e s t a b l i s h i n g  t h e  u n i q u e n e s s  o f  t h e  o b t a i n e d  

s o l u t i o n .  T h e  f o l l o w i n g  t h e o r e m s  s u b s t a n t i a t e  t h e  m e t h -  

o d s .  

T h e o r e m  2.  L e t  t h e  g i v e n  f u n c t i o n s  i n c l u d e d  in  E q .  

(A) s a t i s f y  t h e  c o n d i t i o n s  o f  T h e o r e m  1 a n d ,  i n  a d d i -  

t i o n ,  t h e  f u n c t i o n s  U(u  + a ( ~ ) )  a n d  V ( u  + ~(~))  a r e  c o n -  

t i n u o u s l y  d i f f e r e n t i a b l e  i n  r e s p e c t  t o  u on  t h e  s e g m e n t  

( 1 . 1 2 )  f o r  a n y  ~ o n  [ - 1 ,  1].  F u r t h e r ,  l e t  M(T)  b e  a 

m a j o r a n t  ( 1 . 8 )  o f  E q .  (A), a n d  ~-~ t h e  r o o t  o f  E q .  (1.22).  

T h e n ,  i f  t h e  q u a n t i t y  r >- r ~ = r176 i n c l u d e d  in  i n e q u a l i t y  

( 1 . 1 2 )  a n d  

%~4 _i (1.32) 
. M('c~ V - ~ ) '  

t h e n  t h e r e  e x i s t s  i n  s p h e r e  ~ r  o t h e  s i n g l e  s o l u t i o n  

u*(~)  o f  E q .  (A) s a t i s f y i n g  c o n d i t i o n  ( 1 . 2 ) .  T h i s  s o l u -  

t i o n  c a n  b e  o b t a i n e d  a s  t h e  l i m i t  o f  s e q u e n c e  ( 1 . 3 1 ) .  

T h e  r a t e  o f  c o n v e r g e n c e  o f  t h i s  s e q u e n c e  i s  c h a r a c -  

t e r i z e d  b y  t h e  i n e q u a l i t y  

[] u* - -  Un Hp "~ (h~ n r~ h~ = %TIM (t~ 

(n=0,t  . . . .  ) .  ( 1 . 3 3 )  
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Proof. According to Theorem 1, when all  conditions imposed 
on the given functions included in equation (A) are satisfied, t h e  
operator S(u) operates on Or* in Gp ~, and at each point of f~r o 
there exists a Frechet derivative for which (1.14) holds. Let u(g) 
and v(~) be two elements of  f~r o. Then, accordhqg to the mean  
value theorem [6] 

II'S (u) - -  S (v) no ~ l l  u - -  ~1. sup 11S' ( v q -  0 (u - -  v))II , ,  

( 0 < 0  < i ) .  

From this, making use of the bound (1.28) and taking account 
of the fact that M(r)  is a monotonically increasing function, thus 
M ([lulls / o) ~ M ix~ if u (~) ~ fir*, and the fact that,  on the  
strength of inequality (1.32),  h~ = ~.~IM (x ~) < 1, we find that 

IlS(u) - - S ( v ) [ ] ~ h ~  h ~  

if u(~), v (~)~flro  , (1.34) 

Let u(g) be an arbitrary e lement  of  fir*: Then, making u s e o f  
(1.30), (1.27) and the first relationship of (1.11), and taking into 
consideration that r ~ is a root of equation (1.12), we have 

I! s (u)IIo < 11 s (u) - s (0) II~ + [I s (0) H~ -.< h~ I1 ~ -- v II~ + 

+ l~?,u (~)v (~) + ~ 1~ ~ h ~176 + ~ ' ~ n  = 

= h~ ~ + ~~ }ZM---7~)Xn ~ h~ ~ + r ~ (l - h~ 

that is, 

t [S(u)  [ lp<r* '  if u(~) E ~ r ~  

it follows from inequalities (1.84) and (1.35) that the operator 
S(u) is the contraction in the sphere Or* and transforms the sphere 
fir~ into itself, that is, S(u) satisfies the conditions of the well-  
known theorem on the principle of linear contractiom [5], which 
then implies Theorem 2. 

T h e o r e m  3. Le t  the  given funct ions  inc luded in Eq. 
(A) s a t i s f y  the  condi t ions  of T h e o r e m  1 and, in a d d i -  
t ion,  the funct ions  U(u + ~(~)) and V(u +/~(~)) and con-  
t i nuous ly  d i f f e r e n t i a b i e  in r e s p e c t  to u on the s e g m e n t  
(1.12) fo r  any ~ on [ - 1 ,  1]. F u r t h e r ,  l e t  M(~-) be a 
m a j o r a n t  (1.8) of Eq. (A), and 1" 0 a roo t  of Eq. (1.23).  
Then,  i f  the quant i ty  r >- r 0 = ~r0 inc luded in inequa l i ty  
(1.12) and 

~ I / ~lM (%), (I. 36) 

then the  unique so lu t ion  u*(~) of  Eq. (A) s a t i s fy ing  con-  
d i t ion  ( I .  2) e x i s t s  in the s p h e r e  Qr,, r ,  = ~ x , , w h e r e  T* 
i s  the l e a s t  roo t  of Eq. ( I .  24). Th i s  so lu t ion  can  be  ob -  
t a i ned  as  the l i m i t  of the sequence  (1 31), whose  r a t e  
of  c o n v e r g e n c e  i s  bounded by  the inequa l i t y  

[]u* - u ~ l l ~ < h o  ~ cry,, h o = k ~ l  M(xO), 

(n=0, i  . . . .  ). ( 1 . 3 7 )  

Proof. According to Theorem 1, there exists in f~r* a continu- 
ous arbitrary operator S(u) for which (1.16) holds. We introduce 
the variable t = or  and the function tp. it) = o~ (t / o), where ~ iT) 
is a function included in (1.24).  Since 

%(0) = ~q~ (0) = o ~  = I X~U(~)V(~) + t~l~, 

~p.'(t) "- q~' ('r) = v M  ix),  

then, making use of inequality (1.1~), it is not difficult to establish 
that 

s (0) llo = ~ ,  (0), II s ' ( ~ )  I~, < % '  it), 

if  l l u l l o < t  ( 0 < t < r  , (1. s8) 

that is, (according to the terminology accepted in functional a n a l y -  
sis [6]), the function ~* it) majorizes the operator S(u). After not- 
ing that (1.36) is equivalent to ~ ~ Vo= i / M iT0) , we consider 
equation t = ~ .  it), 0 ~< t < oo. On replacing t = or,  this equation 
is transformed into (1.24), thus, according to Lemma 1, it has the 
single root r 0 = ~zo on the segment t ,  = or%, where r* is the l imit  
of the sequence (1.27). 

Thus, the operator S(u) has a continuous derivative in the 
sphere firs, and the function r majorizes the operator S(u) on 
the segment [0, rs ]; at the same t ime,  the equation t = r has 
a single root t* on the segment [0, r0]. Thus, on the basis of a 
theorem proved by L. V. Kantorovich ([6], Ch. XVIII, w it fol- 
lows that the equation u = S(u), that is, equation (A) has the solu- 
tion u*(g) in the sphere f~r*: at the same t ime,  the sequence (1.27) 
converges to this solution. The rate of  convergence of (1.27) is 
bounded by the inequality 

[ ] u * .  u n n p ~ t * - -  t n, in+ l = q > ,  (tn) i n =  Ot  . . . .  ). 

Taking into consideration that t ,  = (~x,, t n = ~ n ' ,  where r n'  
are members of sequence (1.27), the last inequality can be written 

in the form 

It is easy t o obtain the bound (1.37) from this, with the aid of 
inequality (1.28).  It remains for us to prove the uniqueness of the 
solution. To do this, on the strength of the other theorem proved 
by L. V. Kantorovich (ibidem), it is sufficient to establish the in- 
equality r (re) ~< r0, which is equivalent to the inequality ~,(r0) _~r 0 . 
However, it is easy to see that the latter is implied by inequality 
(1.36) since q~ iT0) %~M (~') = %~IM (lr0). The theorem is 
proved. 

Thus, the first method of investigating the convergence of the 
iteration method and establishing the uniqueness of  the obtained 
solution consists in constructing the majorizing functions of equa- 
tion (A), determining the parameters ~, ~t, and the majoraat M(T), 
then computing the root r ~ of equation (1.22), and the inequality 
(1.32) is verified. The second method differs from the first in that 
the root T O of equation (1.23) is computed and inequality (1.37) is 
verified. I t  should be noted that the first method is an extension of 
the method of A. I. Nekrasov well known in the theory of jets 
[8, 4] to equation (A) by which a number of  problems of detached 
flows around obstacles with slight curvature have been solved. 

It can be seen from the theorems which have been proved that 
the iteration method can be realized only when the values of  the 
parameters X, 77, x are sufficiently small.  However, the param-  
eters ~ and ~ which depend on the properties of given functions of 

equation (A) are actual given quantities in problems of the theory 
of jets. On the other hand, the parameter k can turn out to be a 
quantity which can be given in a whole class of  problems and, con- 
sequently, k can always be chosen so small  (however, this will have 
a completely definite physical sense) that the iteration method can 
be applied to obtain a solutinn of equation CA). From this viewpoint, 
the iteration method is the method of the small  parameter  X in the 
theory of jets. 

To solve nonlinear functional equations, L. V. Kantorovtch de-  
veloped a method which is known as Newton's method or the method 
of tangents in the case of ordinary algebraic or transcendental equa- 
tions [6,7].  

1 .8 .  The Newton-Kantorovich method. As appl ied  
to Eq. (A), this  method cons i s t s  in constructing a so -  
lution of  Eq. (A) with the aid of the sequence 

Us (~) - O, u.+~ (~) = u. (~) - -  r (p (u~)l ~), 

in-----0,1 . . . .  ) ,  ( I .  3 9 )  

i n  w h i c h  F ( P I ~ )  a n d  P ( u )  a r e  o p e r a t o r s  ( 1 . 1 8 )  a n d  

( 1 . 2 0 ) .  T h e  j u s t i f i c a t i o n  o f  t h i s  m e t h o d ,  w i t h  s o m e  

r e s t r i c t i o n s  o n  t h e  g i v e n  f u n c t i o n s  i n c l u d e d  i n  E q .  (A),  

y i e l d s  t h e  f o l l o w i n g  t h e o r e m .  
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T h e o r e m  4. Let  the  so lu t ion  of  Eq. (1.18) be r e p -  
r e s e n t e d  in the f o r m  (1.20) and the condi t ions  of The -  
o r e m  1 be s a t i s f i e d .  M o r e o v e r ,  le t  the funct ions  U(u+ 
+ a(~))  and V(u + ~(~)) be twice  con t inuous ly  d i f f e r e n -  
l i ab l e  in r e s p e c t  to u on the s e g m e n t  (1.12) for  any 
on [ -1 ,  1], N(r)  be the m a j o r a n t  (1.9) of Eq. (A), and 
"r~ be a roo t  of Eq. (1.26).  Then,  if  the  quant i ty  r ->  
-> r~ = r inc luded  in inequa l i t y  (1.12) and 

)~ < t / ~1'~10 1 N (~) d~ ( 1 . 4 0 )  
0 

' ' ' ' i s  t h e  l e a s t  i n  t h e  s p h e r e  Qr,', r ,  --= o r ,  , w h e r e  r .  

roo t  of  Eq. (1.26),  t h e r e  e x i s t s  a unique so lu t ion  of 
Eq. (A) which s a t i s f i e s  condi t ion  (1.2) .  Th is  so lu t ion  
can be ob ta ined  as  the  l i m i t  of sequence  (1.39) whose  
r a t e  of c o n v e r g e n c e  i s  bounded by the inequa l i t y  

r o, 

[I u* - -  . ~  I!o < (ho') ~ : % ' ,  ho' = ~ ' ~ o  I N (~) d~, 
0 

(~ = 0, t . . . .  ) ( 1 . 4 1 )  

and e s t a b l i s h i n g  the un iqueness  of the  obta ined so lu -  
t ion,  c o n s i s t i n g  in tha t  m a j o r i z i n g  funct ions  a r e  con-  
s t r u t t e d  fo r  Eq. (A), the p a r a m e t e r s  ~' ,  ~ ' ,  and the  
m a j o r a n t  N(r)  a r e  d e t e r m i n e d ,  then the roo t  r~ of Eq. 
(1.25) i s  computed ,  and inequa l i ty  (1.40) i s  v e r i f i e d .  
Like the i t e r a t i o n  method,  the Newton-Kan to rov ieh  
method  i s  the  method of  the  s m a l l  p a r a m e t e r  X for  
p r o b l e m s  of the t h e o r y  of j e t s .  

1.9. A linear integro-differential equation. The basic diffi- 
culty in practical application of the Newton-Kantorovich method 
is in solving equation (1.18), that is, in finding the inverse operator 
F (F[ g) of the operator P' (0 ].~)u. If the expression obtained from 
formula (1.13) is substituted into equation ( l .  ? 8) in place of the 
derivative 8'(0 ]~)u, then, after differentiating, it will take the 
form 

u' (~) - ~,p (~)u (~) + ;v~ (~)T ( u l ~ )  = / (~), 

on [--~,  ~] ,  ( ~ . , ~ )  

where 

I (~) = ~ (~)u (~ (~))v (~ (~)) -[ ~ (~). 

Proof. According to Theorem 1 there exists a second derivative 
operator S(u) in the sphere f;r0' for which the inequality (1.16) holds. 
We shall introduce the variable t = o ' r  and the function ~ .  (t) = 
= ~'~2 (t / r  where ~ (r) i s a function included in equation (1.26). 

With the aid of bounds (1.21) and (1.16), it is not difficult to 
show that 

? , '  (0) = -- I < 0, IIF (P (0))l/0 < ~ *  (0), 

[Ir(p"(u))[lp~<r if []u[[o<t, O ~ t < o o .  

tlere ii r (P" (u))![0 is the norm of the bilinear operator 

r (p"  (u>*,,** l~). 
Let us consider equation ~ , ( t )  = 0, 0 ~ t < ~ .  It is easy 

to see that when t = or  is replaced, this equation is transformed to 
equation (1.26), and inequality (1.40) implies that 

%" 

thus, on the basis of Lemma 2, it has a single root t. = (~, ' ,  on 
the segment [0, r0'], where r'. is the limit of the sequence (1.29). 
Moreover. inequality (1.40) implies that 

% (to') < to'.. 

If we now turn to the two principal theorems of L. K. Kantoro- 
vich on the convergence of Newton's method ([6], Ch. XVIII, w 
it is easy to see that the operator P(u) and the function ~*(t) satisfy 
all conditions of these theorems. It follows from this that equation 
p(u) = 0, that is, equation (A) has a unique solution u*(g) in the 

sphere at , ' ;  at the same time, the sequence (1.89) converges to 
this solution. The rate of convergence of the sequence is bounded 

by the inequality 

I u* - -  e~,~ i!~ "<- t ,  - -  t n, in+ ~ = t,~ -5 % (t,~) (n : 0, t . . . .  ). 

Taking into consideration that t. = o '%' ,  t n ~ o"r n, where 
r n are the members of sequence (1.29), the last inequality can be 
written in the form 

tl "* - %llo ~< ~' (~*' - ~) (~ = o, t . . . .  ). 

The bound (1.41) is easily obtained from this, with the aid of 

inequality (1.30). This proves the theorem. 

It is obvious that the solution of equation (I .  1 .~}) i~ cquivalcn[ lo 
the solution of equation (i .42) with condition (1.2). It follows 
from this that if equation (1.42) is solvable for any right-hand 
side f(g) and its solution is represented in the form 

u = Q (1) = Q (I1 ~) ,  (J .4 s )  

where Q( f l  ~) is a linear operator, then equation (1.19) is solvable 
for any right-hand side F(g) and its solution is representable through 
the derivative F' (~) in the form 

u = r ( F l ~ ) - - -  Q ( ~ ' E ~ ) ,  

and the inequality (1.21) is equivalent to the inequality 

I Q (l)Io "-< ~l ] F !~. 

Methods for solving equation (t .42) and, consequently, equa- 
t ion (1.19) have not been developed as yet, and this hampers the 
application of the Newton-Kantorovich method, in special cases, 
however, when the solution of equation (1.42) can be represented 
in a simple form, the Newton-Kantorovich method can be applied 
successfully to solving equation (A). It is possible to propose 
several methods for reducing equation (1.42) to an equivalent 
Fredholm equation. We shall present one of them. We shall re- 

place in equation (1.42) 

Y 

g (g) = / (g)c (g). 

Then we obtain the following integro-differentiaI equation for 

the function v(g): 

v' (~) + Xq (~)r (~, s:E .~) = g (~), ~ on [ -1 ,  II 

the integration of which leads to an equivalent Fredhotm equation 

v (~) q- ~, i K (~, t; ~) v (t) dt -}- g* (~ ), ~ o n [ - - l , t ] ,  
- 1  

g ( v ,  t; ~,) = n--7~(0 "~--~ 

The p roved  t h e o r e m  y i e ld s  a method fo r  i n v e s t i g a t -  
ing the c o n v e r g e n c e  of the  Newton -Kan to rov ieh  method 

I,I0. The llnearlzatlon method. A method which makes it 

possible to find the solution in closed form or in the form of some 
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algorithm that enables one to find the solution with a predeter- 
mined accuracy is often called an exact method.  From this view- 
point, the iteration method and the Newton-Kantorovinh method 
are exact.  The linearization method can be proposed as an ap- 
proximate method for solving equation (A). It consists in that 
solving equation (A) is replaced by solving equation (1.42). Then,  
if the conditions of Theorem 4 are satisfied, the following bound 
will hold: 

I "* - ~~ ~ < ~'~*'  , 

which follows from inequality (1.41).  This bound makes it possible 
to judge the error which is incurred in solving equation (A) by the 
l inearizatinn method. For an effective solution of equation (A) by 
the linearization method, it is necessary to have well developed 
methods for solving equation (1.42). 

w Je t  flows with a r  wall and jet flows 
of a heavy fluid with r ec t i l i nea r  boundar ies .  2 .1 .  J e t  
flows with a cu rv i l i nea r  wall .  Let  us cons ider  a s teady 
jet flow of a weight less  ideal i ncompress ib l e  fluid 
whose boundar ies  cons i s t  of  a finite number  of r ec t i -  
l inear  walls ,  one cu rv i l i nea r  wall,  and a f ree  jet con-  
ve rg ing  with the wall, with no stagnation points on the 
cu rv i l inea r  wall .  It is shown in r e f e r ence  [1] that  de-  
t e rmina t ion  of  such a flow is reduced to solving the 
in tegro-d i f fe ren t ia l  equation 

u' (~) ---- ~; (~)K (u (~)) exp)-- I (u] ~)), 
on [--  t , i ]  (2.1) 

with the condition u(0) = 0. In the given equation, K(u) 
is the so-ca l led  re la t ive  cu rva tu re  [1] depending only 
on the f o r m  of the cu rv i l inea r  wall, 7(~ ) is a given 
function depending on the geomet r i ca l  and phys ica l  
p rope r t i e s  of  the flow, and X is a constant  p a r a m e t e r .  
By the method of  cons t ruc t ion ,  the quanti ty K(u) is  an 
even function, with K(0) = 1. We shall  a s sume  fu r the r  
that  

{K (u) I < K0, I K '  (u) { < Ko', 

IK" (u)[ ~< Ko". (2.2) 

When inequali t ies  (2.2) a re  satisfied,  the functions 
U~ (t) _---- K0% V~ (t) = e ~(v = 0, i, 2) can be taken as 
ma jo r i z ing  functions of Eq. (2.1). In this ease ,  the 
bas ic  p a r a m e t e r s  of  Eq. (2.1) will be 

b 
~l = [~f I~ (aKo' + bKo), u~ ---- ~ § bgo ' 

~]' = -~ ] 7 {~ (a~Ko " -{- 2abKo' -{- b~Ko), 

b ~ ~'2 
a~Ko " -}- 2abKo" -~ b:Ko ' 

and the ma jo ran t s  will be the exponential  functions 

M (~) = e' ,  N (~) = e ' ,  ( 2 . 8 )  

with a = a '  = 1/b.  The ma jo r i z ing  equations (1.12) 
and (1.16) take the following f o r m  af te r  the ma jo ran t  
(2.5) is substi tuted in them:  

L~ (• ~) -~ ~ - 1 + (t -u~)e "~ ---- O, 

L~(v, u; ~)---- �9 - - v ( e  ~ - t  + u  ~) = 0 ,  

v -- ~ ;  L~ (u', ~) = 0, 

L ~ ( v ' , u ' ; v ) ~ -  v - - v ' ( e  ~ - 1  ~ v + u  's) ~ 0 ,  

,r = ~1'~10~, (2.4) 

Equation (2.1) c o r r e s p o n d s  to the l inear  in tegro-  
different ial  equation 

u' (~) - - ~ "  (~):  (~[~) = / ( ~ ) ,  

] (~) = ;~  (~), ~. on  [ _  ~, t l .  (2 .5 )  

The roots  of equations L ix, ~) ----- 0, L 1 (• v) = 0, 
L~ (z', ~) = 0 will be denoted hencefor th  by T ~ v0, v~, 
respec t ive ly ;  and the leas t  roots  of equations L2(P , 

~ ;  ~) = 0 and L3(v', ~ ' ;  z) = 0 by I-, and ~ ' .  
We now apply T h e o r e m s  2 - 4  to Eq. (2.1). Then it 

is easy  to see that  when the value of the p a r a m e t e r  k 
is sufficiently small ,  it is possible  to obtain a solu-  
t ion of Eq. (2.1) by the i te ra t ion method o r  the New- 
ton-Kantorovich  method.  Thus, the following a s s e r -  
t ions hold. 

1% Let the function 7(~) belongs to c lass  Cp and the 
re la t ive  cu rva tu re  K(u) be continuously different iable 
on the segment  t '  ~ u .~< t', t '  ---- mr,  m = max (a, b). 

Then, there  may  be two subcases .  
(1) If  r -> r ~ = T~ and )~ ~ t / ,1 (e "-~ + •176 then 

there  exis ts  the unique solution u*(~) of Eq. (2.1) in 
the sphere  ~ r  o which sa t is f ies  condition u(0) = 0. This 
solution may  be obtained as the l imit  of the sequence 

u0 (~) - 0, 

u~+~ (~) -- ~.~ 7 (t) K (u~ (t)) exp ( - -  I (un It)) dr, 

(n = 0, 1....), (2.6) 

whose ra te  of  convergence  is bounded by the inequali ty 

II u* - u~15 < (h~ ~ h ~ = ~le ~~ (n = 0,t,...). (2.7) 

(2) If r > r o = % / b and ~ < t / ~le'-o, then the re  exis ts  
the unique solution u*(~) of Eq. (2.1) in the sphere  ~ r*  
which sa t i s f ies  the condition u(0) = 0. This Solution 
may  be obtained as the l imit  of sequence (2.8) whose 
ra te  of convergence  is bounded by the inequali ty 

lu* - -  unl]p ~ h0 n r0, h 0 -- ~len (n -= 0,t,...). (2.8) 

2% Let the solution of Eq. (2.7) be r ep resen ted  in 
the f o r m  (1.43) and let  the function T(~) belong to 
c l a s s  Cp, and the re la t ive  cu rva tu re  K(u) be twice 
continuously different iable on the segment  t' ~< u ~<t ' ,  
t ' = m r ,  m = max (a, b). Then, if r > r  o ' = T 0 ' / b  
and ~ < t  / 'l"lo (e ~~ - -  t), there  exis ts  the unique solu-  
t ion u*(~) of Eq. (2.1) in the sphere  ~r. ,  r , '  = ~. '  / b 
which sa t i s f ies  the condition u(0) = 0. 

This solution may  be obtained as the l imit  of  se -  
quence (1.39) in which 1" (F{ ~) = Q (F' I ~), where  
Q(fl~)  is a solution of Eq. (2.5), and P(ul~) is an op-  
e r a t o r  of the f o r m  

P (u ] ~) ---- u (~) - -  ~ ~ T (t) g (u (t)) exp (--  I (u ] t)) dt. 

In this case ,  the ra te  of convergence  of this se -  
quence is bounded by the inequali ty 

I u *  - -  ~ l l ~  --< ( h 0 ' ) " r ,  ' ,  h0' = ~ ' ~ 0  (e' , '  - -  i ) ,  

(n = 0A,...) . (2.9) 
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2 . 2 .  Jet  f lows of a heavy, fluid with r e c t i l i n e a r  
boundar ies .  We shal l  c o n s i d e r  flows of a heavy fluid 
whose boundar ies  cons i s t  of a finite n u m b e r  of r e c t i -  
l i n e a r  solid wal ls  and one f ree  sur face .  As shown in 
r e f e r ence  [1], the de t e rmina t ion  of such a flow is  r e -  
duced to solving the i n t eg ro -d i f f e r en t i a l  equation 

u' (~) --  ~,~, (~) sin (--l(ul ~) + is (~)) exp ( - - 3 u  (~)), 

~ o n [ - - t , l ]  (2 .10)  

with condi t ion (1.2). In the given equation, h i s  a con-  
stant  p a r a m e t e r ,  T(~) and fl(~) a re  given functions 
which depend on the geomet r i c  and phys ica l  p rope r t i e s  
of the flow. 

It is  easy  to see that the funct ions  

U ~ ( t ) = 3 v r  ~*, V . ( t ) - -  I ( v = o , ~ , 2 )  

Equation (2.10) co r r e sponds  to the l i n e a r  i n t eg ro -  
d i f fe rent ia l  equation 

u' (~) +~,'r (i) t3 sin ~ (~)~ (~) + cos ~ (~)z (~f ~)1 = / (~), 
I ( ~ ) = ~ V ( ~ ) s i n g ( ~ ) ,  ~ on [ - -~ ,  11. (2 .11 )  

0 

Fig.  2 

# J ]  

" g.2 

I 

As before,  we shall  denote the roots  of Eqs.  (2.4) 

can be taken as m a jo r i z ing  funct ions of Eq. (2.10). 

Table  1 

• 

0.0 
0 . 1  
0 . 2  
0 . 3  
0 . 4  
0 . 5  
0 . 6  
0 . 7  
0 . 8  

0.0 0.0 
0.0953 0,1350 
0. t825 0.2592 
0.2630 0.3738 
0.3378 0.4805 
0.4078 0,580i 
0.4735 0.6737 
0.5355 0.7620 
0.5943 0.8454 

by zo, .%, %, ~,,  %,. ff we apply Theorems  2 - 4  to Eq. 
(2.10),  it i s  easy  to see  that the i terat ion method and 
the Newton,Kantorovich  method can be applied to this  
equation when the value  of the parameter  X is  s m a l l .  
Thus,  the fo l lowing a s ser t i on  holds .  

1% Let the function ~/(~) belong to c la s s  Cp and the 
function ~(~) be not continuous on the segment  [ - 1 ,  1]. 
Then we have two subeases :  

(1) If ~ <~ t / ~1 (e ~~ + ~em~~ then there  ex i s t s  the 
unique solut ion u*(~) of Eq. (2 .10)  in the sphere ~,o, 
r ~ = z ~  s a t i s f i e s  cond i t ion  (1 .2 ) .  Th i s  s o l u -  

t i o n  can be obtained as the l imi t  of the sequence 
0 , 9  0 . 6 5 0 2  0 . 9 2 4 6  
1 , 0  0 , 7 0 3 5  t . 0  

In this case,  the bas ic  p a r a m e t e r s  of Eq. (2.10) 
wilI be the quant i t ies  

r I = IT r~ (3a -+- b), • 3al 5'sinj31o 
-----(3a+b) lTl~ ' 

Ca + b) -~ [ ~ i; .qa~ l ~, sin ~ i~ , 
~I' 3a • (3a + b) ~ I T I~ 

and the exponential  functions (2.3) will be the m a j o r -  
ants ;  at the same  t ime,  a = ~r' = 1/3a.  The ma jo r i z ing  
equations,  consequentlY, a re  of the form (2.4). 

n Fig. I r~__x~ 

u0 (U - 0, u . .  (~) = ~ I ~" (t) sin (--  [ (u~ I t) + 

+ ~ (t)) exp (--  3u,  (t)) dt ,  (~ 0, t . . . .  ), (2.12) 

whose ra te  of convergence  is bounded by (2.7), where 
r,  = ~, I 3a. 

to 

Fig.  3 

t 

02 
Q/ 

(2) If ~ ~ 1 / 11 e~, then there  exis ts  the unique solu-  
t ion of Eq. (2.10) in the sphere  ~r,~ r ,  = x ,  / 3a which 
sa t i s f ies  condit ion (1.2). This  solution can be obtained 

Table 2 
Values of z, 

0. i  0.2 0.3 0,~ 0.5 0.6 0.7 0.8 0.9 

0.0 0.0 
0,! 
0,2 
0.3 
0,4 
0.5 
0.6 
0.7 
0,s 
0,9 
t . 0  

0.0 
0.00tt 
O.00t4 
0.0100 
0,0178 
0,0278 
0 A~r 
0.05r 
0.07t4 
0.0905 
0All8 

0.0 
0,0025 
0.0100 
6,6226 
0.0402 
0.0630 
0.09ti 
0,12~5 
0,1635 
0,2083 
O. 2592 

0.0 
0.0043 
0.0172 
(}. 6389 
0.0~96 

0,Y,213 
U.29~9 
O. 3,~30 
0. ~89~ 

9.0 
0.0067 
0.0269 
0.66t3 
0.tt09 
0.1779 
0.2658 
0.3822 
O. 5477 

0,0 
0,0t0O 
0,0406 
0,0946 
0.1765 
9,2996 
0,5265 

0.0 
0.0152 
0.0630 
0.t537 
0.~35 

0.0 
0.02~0 
0. t072 

0.0 
0.0439 
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0.0 
0. t  
0.2 
0.3 
0.4 
0.5 
0.6 
0.? 
0.8 
0.0 
i .0  

0, i  

0.0 
0.00t0 
0.0040 
O.O09ff 
0.0t60 
O.02bO 
0.0361 
0.049t 
0.0642 
t .0813 
0. t005 

0.2 

0.0 
0.0020 
0.0080 
0.0180 
0.032i 
0,0502 
0.0725 
0.0990 
0.t298 
0.t649 
0.2045 

0.3 

0.0 
0.0030 
0.0120 
0.027i 
O. 0483 
0.0759 
0.t099 
0.t506 
0.t983 
0.2535 
0.3i68 

T a b l e  3 
V a l u e s  of  T' , 

0.~ 0.5 

0.0 0.0 
0.0040 0.0050 
t ,0160 0,020t 
0.0363 0.0455 
0,0649 0.0817 
0.i022 0.t294 
04480 0.t896 
0.2050 0.2641 
0.2723 0.3557 
0.3520 0.4700 
0.4465 0.6191 

0.6 

0 . 0  
0.0060 
0.0242 
0.0549 
0.0990 
0. t579 
0.2337 
0.3308 
0.4576 
0.6398 

0.7 

0.o 
0.0070 
0.0283 
0.0645 
0.it70 
0.tgSZ 
0.2828 
0,4fi~ 
0.6083 

0 . 8  

0.o 
0.0080 
0.0324 
0.0743 
0.1357 
0.22tl 
0.3399 
0,5236 

0.9 

o.0 
0.0090 
0.0866 
0,0843 
O, t655 
0,4t2t 

as  t he  l i m i t  of t h e  s e q u e n c e  (2.12) ,  w h o s e  r a t e  of  c o n -  
v e r g e n c e  i s  bounded  by  (2 .8) ,  w h e r e  r ,  = ~, / 3a. 

2 ~ L e t  t he  s o l u t i o n  o f  Eq .  (2 .10)  be  r e p r e s e n t e d  
in the  f o r m  (1 .43)  and l e t  t he  f u n c t i o n  7(~) b e l o n g  to 
c l a s s  Cp, and the  f u n c t i o n  p(~ ) be  c o n t i n u o u s  on the  
s e g m e n t  [ - 1 ,  1]. Then ,  i f  k ~ .  i / ~]'~10 (e% --~ t), t h e r e  
e x i s t s  t he  un ique  s o l u t i o n  u*(~) o f  Eq .  (2. i 0 )  in  t he  

s p h e r e  Qr:,, r . '  = z , '  / 3a w h i c h  s a t i s f i e s  c o n d i t i o n  
(1 .2) .  T h i s  s o l u t i o n  c a n  be  ob t a ined  a s  t he  l i m i t  o f  
s e q u e n c e  (1 :39)  in  wh ich  r (FI~) = Q (F'  I ~), w h e r e  
Q ( f i ~ )  i s  a s o l u t i o n  o f  Eq .  (2 .11)  and P(u]~) i s  an o p -  
e r a t o r  of  t h e  f o r m  

P (u I ~) ~ u (~) - -  ~. 1 7 (t) s i n ( - - / ( u  ] t ) + ~  (t)) e x p ( ' 3 u  (0) dE. 

In th i s  c a s e ,  t h e  r a t e  of  c o n v e r g e n c e  of  t h i s  s e -  
q u e n c e  i s  bounded  by  i n e q u a l i t y  (2.9) ,  w h e r e  r , ' =  
= z , ' / 3 a .  

2.3. Computation of the roots of the majoriziag equatiors. 
The application of the methods set forth here to the two classes of 
jet flows considered above depends on the satisfaction of inequali- 
ties which contain quantities that depend on the roots of the major- 
izing equations. However, it is easy to see that the majorizing 
equations are of the very same form (2.4) for flows with a curvi- 
linear wall and for flows of a heavy fluid, it being sufficient to 
take the four equations 

L (~, T) = 0, L~ (~, ~) = 0, 

L~(v,• ~ ) = 0 ,  LS(v',u'; ~ ) = O .  

Since the equation LI(~',r ) = 0 can be derived from the equation 
Ll(n, T) = 0 by replacing ~r by ~'. Thus, in order to obtain the roots 
of all majorizing equations, it is sufficient to be able to compute 
the roots of equations (2.18). In this connection, we present tables 
of these roots (refer to Table 1 where r~ the root of the equation 
z = ~ exp (--1/2 z), and ~0 is the root of the equation z = t --  (l -- 

_~2) exp (--Z);Table 2, where ~' is the least root of the equation 
z = v (exp ~ -- z + x2); Table 3 , where r*" is the least root of the 
equation z=C(exp z - - i ' - - ~ +  u'~), also the graphs of Figs. 1-3, 
which makes it possible to approximately find the roots of equations 
(2. is)). 

In conclusion, we note that it will be necessary to develop ef- 

fective exact and approximate methods for calculating the inte- 
grals (0.1) and (0.2) to effectively apply these methods to the jet 

problems considered here. The problem of exact calculation of 
integrals (0.2) is discussed in reference [9].  In some cases, one 
can make use of the formulas of reference [10] for approximate 
computation of the integrals (0.2). 
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